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Abstract
We introduce the Virasoro symmetry in the BV formalism and give an
explicit construction of the anti-bracket, which is Virasoro invariant. It is shown
that the master equation with this anti-bracket has an infinite number of solutions.
The base space of the BV formalism is a fermionic version of the Virasoro manifold
Diff(S1)/S1. We discuss also the Ricci tensor of this fermionic manifold.
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1. There is much interest in the BV formalism going beyond the original
purpose to BRST quantize the gauge theory[1]. Its extended viability has been
proved by the recent applications to the non-critical string[2] and the string field
theory[3]. The geometry of the formalism has been considerably clarified in refs 4
and 5.
Recently it has been discussed [6,7] that the fermionic symplectic struc-
ture of the BV formalism can be given by a fermionic Ka¨hler 2-form as a special
case. The base space of the BV formalism with this symplectic structure is the so
called fermionic Ka¨hler manifold, which is a fermionic version of the usual Ka¨hler
manifold. The fermionic Ka¨hler 2-form has been determined by introducing an
isometry[6]. The anti-bracket defined with such 2-form is invariant by an isome-
try transformation. Some interesting solutions of the master equation have been
discussed in this case.
The Virasoro symmetry is an interesting isometry to study in this regard.
In this note we show that the BV formalism can incorporate the Virasoro sym-
metry as well, and construct the anti-bracket which is invariant by the Virasoro
transformation. Since we deal with an infinite dimensional algebra, the machin-
ery developed in ref. 6 is not applicable. Some years ago non-linear realization
of the Virasoro [8] algebra was studied by using the CCWZ formalism[9]. They
have shown that the quotient of the Virasoro group by its one parameter central
group is indeed the Ka¨hler manifold, called the Virasoro manifold. (It is com-
monly denoted by Diff(S1)/S1.) The idea is that we use the technique in ref. 8
to study the corresponding fermionic Ka¨hler manifold. An explicit construction
of this fermionic Virasoro manifold is given. It may be used as a base space of
the BV formalism. Then the anti-bracket is Virasoro invariant. We study the
master equation of the BV formalism in this case and discover an infinite number
of Virasoro invariant solutions.
In ref. 8 they calculated the Ricci tensor of the bosonic Virasoro manifold:
Rαβ = −
26
12
(α3 −
1
13
α)δα+β,0 (1)
with α, β = ±1,±2, · · ·. (The meaning of the indices will be clear in the text.)
The curious coincidence between this Ricci tensor and the Virasoro anomaly raised
vivid interest at that time. It was originally discovered by Bowick and Rajeev[10].
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Namely they calculated a curvature of the holomorphic vector bundle over the
(bosonic) Ka¨hler manifold Diff(S1)/S1, in which the fibre is either a string Fock
space or simply the vacuum of the Fock space. In this note we examine the Ricci
tensor (1) for the fermionic Virasoro manifold. We find that it is vanishing.
2. To start with, we shall recall the basic formulae of the symplectic geo-
metry[3,5]. Consider a 2D manifold parametrized by coordinates yi = (φ1, φ2,
· · · , φD, ξ1, ξ2, · · · , ξD) with φ’s and ξ’s bosonic and fermionic respectively. Sup-
pose that it has a symplectic structure given by a non-degenerate 2-form
ω = dyj ∧ dyiωij , (2)
which is fermionic and closed
dω = 0.
These equations read in components
(−)ik∂iωjk + (−)
ji∂jωki + (−)
kj∂kωij = 0, (3)
ωij = −(−)
ijωji. (4)
Here we have used the short-hand notation for the grassmannian parity of the
coordinates ε(yi) = i in the sign factor. By this notation we have ε(ωij) = i+j+1.
Define the inverse of ωij by
ωijω
jk = ωkjωji = δ
k
i . (5)
Then eqs (3) and (4) may be written respectively as
(−)(i+1)(k+1)ωil∂lω
jk + (−)(j+1)(i+1)ωjl∂lω
ki + (−)(k+1)(j+1)ωkl∂lω
ij = 0,
ωij = −(−)(i+1)(j+1)ωji.
With this fermionic symplectic structure the anti-bracket of the BV formalism is
given by
{A,B} = (−)i[ε(A)+1]∂iAω
ij∂jB, (6)
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We also define a nilpotent second order differential operator by
∆ ≡
1
ρ
(−)i∂i(ρω
ij∂j). (7)
They are related with each other by
∆(AB) = ∆A ·B + (−)ε(A)A∆B + (−)ε(A){A,B}. (8)
The operator (7) is nilpotent if
∆[
1
ρ
(−)i∂i(ρω
ij)] = 0. (9)
We may introduce an isometry in the manifold. It is realized by a set of
Killing vectors V Ai(y), A = 1, 2, · · · , N , which obey the Lie algebra of a group G
V Ai∂iV
Bj − V Bi∂iV
Aj = fABCV Cj ,
with structure constants fABC . The grassmannian parities are assigned as ε(V Ai)
= i. Then the fermionic symplectic structure ωij satisfies the Killing condition
LV Aωij ≡ V
Ak∂kωij + ∂iV
Akωkj − (−)
ij∂jV
Akωki = 0. (10)
In terms of the inverse ωij this condition becomes
LV Aω
ij ≡ V Ak∂kω
ij − ωik∂kV
Aj + (−)(i+1)(j+1)ωjk∂kV
Ai = 0. (11)
We may find an explicit form of ωij as a simultaneous solution of eqs (3) and
(10). Owing to the Killing condition (11), the anti-bracket (6) is invariant by the
isometry transformations given by the Killing vectors
δyi = ǫAV Ai,
in which ǫA are global parameters. In ref. 6 this program has been worked out by
extending the isometry of the hermitian symmetric space
3. Assuming that it is infinite dimensional (D =∞), we can introduce also the
Virasoro symmetry in the manifold. The resulting manifold is a fermionic version
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of the Virasoro manifold Diff(S1)/S1 discussed in ref. 8. It is convenient to
summarize the CCWZ formalism for the bosonic Virasoro manifold, since we will
construct the fermionic one on that basis.
Consider the Virasoro algebra
[La, Lb] = (a− b)La+b, (12)
without the anomaly. The Virasoro manifold Diff(S1)/S1 is the quotient of the
Virasoro group by its one parameter central group generated by L0. A standard
way to parametrize this coset space is to write a Virasoro group element
g = exp(i
∑
a,α 6=0
φαLaδ
a
α), (13)
where φµ can be used as coordinates of the manifoldDiff(S1)/S1. The generators
La satisfy the hermitian condition L
†
a = L−a, so that the manifold admits a
complex structure as
(φα)∗ = φ−α. (14)
The Cartan-Maurer 1-form is defined by
g−1dg =
∑
a
eaLa.
By exterior differentiation we get the Cartan-Maurer equation
dea = −
1
2
∑
b,c
(b− c)δab+c e
bec. (15)
In components it reads
∂
∂φα
eaβ −
∂
∂φβ
eaα = −
∑
b,c
(b− c)δab+c e
b
αe
c
β . (16)
When multiplied from the left by an element of the Virasoro group, the group
element (13) transforms as
ei
∑
a
ǫaLa · g = exp(i
∑
a,α 6=0
Φα(φ)Laδ
a
α) · h. (17)
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Here ǫa are global parameters of the transformation and h is the so-called com-
pensator
h = eiλ(φ)L0 ,
with an appropriate function λ(φ). This defines non-linear transformation of the
coordinates
φα −→ Φα(φ) = φα +
∑
a
ǫaR αa (φ) +O((ǫ
a)2), (18)
in which Ra are the Killing vectors of the manifold. Under this the coefficients
ea, (a 6= 0), transform as
ea −→ e−iλ(φ)aea = (1− iλ(φ)a+O(λ2))ea, (19)
(no sum over a).
The Virasoro manifold Diff(S1)/S1 has the (bosonic) symplectic structure
Ωαβ =
∑
a
f(a)eaαe
−a
β , (20)
in which
f(a) = Aa3 +Ba, (21)
with arbitrary constants A and B. Indeed we can check that it satisfies
∂
∂φα
Ωβγ +
∂
∂φβ
Ωγα +
∂
∂φγ
Ωαβ = 0, (22)
by using the Cartan-Maurer equation (16). Having the complex structure given
by eq. (14) the Virasoro manifold Diff(S1)/S1 is a Ka¨hler manifold.
4. So far we have summarized the CCWZ formalism for the Virasoro mani-
fold Diff(S1)/S1 [8]. We now consider a new manifold by introducing fermionic
coordinates ξα corresponding to φα, with
(ξα)∗ = ξ−α. (23)
We associate the transformation law
ξα −→ ξβ
∂
∂φβ
Φα(φ).
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The Killing vectors of the new manifold are given by
V ia = (R
α
a , ξ
β ∂
∂φβ
R αa ). (24)
Consider the following matrix
ωij =
(
ωφφ ωφξ
ωξφ ωξξ
)
=

 ξ
γ ∂
∂φγ
Ωαβ Ωαβ
Ωαβ 0

 , (25)
with eq. (20). First of all the symmetric property (4) is evident. Secondly this ωij
satisfies eq. (3) by means of eq. (22). Finally it satisfies also the Killing condition
(10). For instance the Killing condition for the block matrix ωφφ reads
V ib ∂i{
∑
a
f(a)ea[αξ
γ ∂
∂φγ
e−a
β] }
= −[
∂
∂φα
R δb
∑
a
f(a)ea[δξ
γ ∂
∂φγ
e−a
β] +
∂
∂φα
∂
∂φγ
R δb · ξ
γ
∑
a
f(a)eaδe
−a
β ]
+ [α ⇀↽ β].
(26)
It can be shown as follows. Note that
R δb
∂
∂φδ
eaα = −
∂
∂φα
R δb · e
a
δ − iλa e
a
α,
which follows from eq. (19) together with eq. (18). By using this the l.h.s. of eq.
(26) is calculated as
−
∑
a
f(a)[
∂
∂φα
R δb · e
a
δξ
γ ∂
∂φγ
e−aβ +
∂
∂φβ
R δb · e
a
αξ
γ ∂
∂φγ
e−aδ
+ ξγ
∂
∂φγ
∂
∂φβ
R δb · e
a
αe
−a
δ ] + (α ⇀↽ β).
Here we would like to remark that the λ-dependent pieces disappeared. This is
exactly the r.h.s. of eq. (26). The other part of the Killing condition can be easily
checked. Thus we have obtained the closed fermionic 2-form (2) with eqs (25). The
manifold with the symplectic structure given by this 2-form is a fermionic version
of the Virasoro manifold Diff(S1)/S1 discussed in ref. 8, called the fermionic
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Virasoro manifold. It is a Ka¨hler manifold , since we have the complex structure
by eqs (14) and (23). The matrix (25) can be inverted as
ωij =
(
ωφφ ωφξ
ωξφ ωξξ
)
=

 0 Ω
αβ
Ωαβ ξγ ∂
∂φγ
Ωαβ

 , (27)
by eq. (5). Here Ωαβ is the inverse of the block matrix Ωαβ:
ΩαβΩ
βγ = ΩγβΩβα = δ
γ
α.
(An explicit form of Ωαβ can be found by solving these equations perturbatively
arround the origin of the coordinates.) Owing to the Killing condition (11) the
anti-bracket (6) with eq. (27) is invariant by the Virasoro transformations given
by the Killing vectors (24):
δyi =
∑
a
ǫaV ia . (28)
5. We may be interested in solving the master equation of the BV formalism
∆Ψ = 0,
with ∆ defined by eq. (7) where the symplectic structure ωij is given by eq. (27).
It can be written as
∆0Ψ + {log ρ,Ψ} = 0,
in which ∆0 is the normal-ordered form of ∆
∆0 = (−)
iωij∂j∂i, (29)
and the second piece is the anti-bracket defined by eq. (6). By eq. (8) we further
calculate the l.h.s. to find
1
ρ
∆0(ρΨ)−
1
ρ
(∆0ρ)Ψ = 0. (30)
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The normal-ordered operator ∆0 with eq. (27) is nilpotent by using
Ωαη
∂
∂φη
Ωβγ +Ωβη
∂
∂φη
Ωγα +Ωγη
∂
∂φη
Ωαβ = 0,
which follows from eq. (22). If we require that
∆0ρ = 0, (31)
∆ is also nilpotent[5]. This is a stronger condition than eq. (9). Then eq. (30)
becomes
∆0Ψρ = 0, (32)
with Ψρ = ρΨ. We find that Ψρ and ρ obey the same master equation with ∆0.
A special solution to eq. (31) or (32) is given by
S0 =
∑
a
Ωαβξ
αξβ =
∑
a
f(a)eaαe
−a
β ξ
αξβ,
which is invariant by the Virasoro transformations (28). This solution generates
infinitely many other solutions such that
S =
∞∑
α=0
cα(S0)
α, (33)
with arbitrary constants cα.
6. The rest of this note is dedicated to calculation of the Ricci tensor of the
fermionic Virasoro manifold. It can be done quite similarly to the bosonic case[8].
First of all we have to make the technique elaborated in ref. 8 applicable for
calculating the Ricci tensor of the fermionic Ka¨hler manifold. The fermionic Ka¨hler
manifold is a complex supermanifold which can be parametrized by holomorphic
supercoordinates
zµ = (zα, ζα), α = 1, 2, · · · , D,
and their complex conjugates with z’s and ζ’s bosonic and fermionic respectively.
It has a symplectic structure given by the closed 2-form
ω = idzν ∧ dzµγµν .
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Here γµν is the fermionic metric of the manifold, i.e., the grassmannian parity is
ε(γµν) = ε(µ) + ε(ν) + 1. This 2-form is a special case of the general one given by
eq. (2). There exist a fermionic Ka¨hler potential such that
γµν = ∂µ∂νK.
The inverse metric γµν is defined by
γµνγ
νη = γηνγνµ = δ
η
µ, (34)
and satisfies
γµν = (−)(µ+1)(ν+1)γνµ.
The affine connections are given by[6]
Γ ηµν = ∂µγνρ · γ
ρη, Γ
η
µν = ∂µγνρ · γ
ρη,
and other components are vanishing. The covariant derivative for vectors is defined
by
DµAν = ∂µAν − Γ
ρ
µν Aρ, DµA
ν = ∂µA
ν + AρΓ νρµ ,
c.c..
The curvature tensor is given by
R ηνµσ = ∂νΓ
η
µσ , R
η
µνσ = −(−)
µν∂νΓ
η
µσ ,
c.c..
(35)
Other components are vanishing. We obtain the Ricci tensor as
Rµν = −(−)
µνRνµ = −(−)
µν+σR σνµσ . (36)
The fermionic Ka¨hler manifold can admit an isometry. It is realized by a
set of holomorphic Killing vectors RAµ(z) and their complex conjugates R
Aµ
(z).
They satisfy the Lie algebra
RAµ∂µR
Bν −RBµ∂µR
Aν = fABCRCν , (37)
and the Killing condition
LAγµν ≡ [R
Aρ∂ρ +R
Aρ∂ρ]γµν + ∂µR
Aργρν + (−)
µν∂νR
Aρ
γρµ = 0, (38)
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or equivalently
LAγµν ≡ [RAρ∂ρ +R
Aρ∂ρ]γ
µν − γµρ∂ρR
Aν
− (−)(µ+1)(ν+1)γνρ∂ρR
Aµ = 0,
(39)
due to eq. (34). It is worth checking that the Ricci tensor given by eq. (36) is
indeed covariant by the transformations
δzα = ǫARAα(z), c.c.,
with global parameters ǫA. Note that the sign factor (−)σ in eq. (36) does a right
work for this. A little calculation shows that eq. (38) can be written as
∂µ(R
Aργρν) + (−)
µν∂ν(R
Aρ
γρµ) = 0 (Killing equation). (40)
By multiplying by the Killing vectors, the curvature tensor takes the form
(RAB) ησ ≡ (R
BµR
Aν
−RAµR
Bν
)R ηνµσ
= (D[ADB] − fABCDC) ησ , (41)
in which
DA ≡ RAµDµ +R
Aµ
Dµ.
We consider the difference operator
ϕA ≡ LA −DA.
It is important to note that it does not contain any derivative and operates as a
matrix on tensors. For instance on a tensor Tµν we have
ϕATµν ≡ [(R
Aρ∂ρ +R
Aρ∂ρ)Tµν + ∂µR
AρTρν + (−)
µ(ν+ρ)∂νR
Aρ
Tµρ]
− [(RAρ∂ρ +R
Aρ∂ρ)Tµν −R
AρΓ σρµ Tσν − (−)
µ(ν+σ)R
Aρ
Γ
σ
ρν Tµσ]
= (ϕA) ρµ Tρν + (−)
µ(ν+ρ)(ϕA)
ρ
ν Tµρ,
with
(ϕA) ρµ = −DµR
Aρ, (ϕA)
ρ
µ = −DµR
Aρ
. (42)
Due to the Killing equation (40) the matrices are related by
(ϕA) ρµ γρν = −(−)
µν(ϕA)
ρ
ν γρµ, (43)
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which will be useful later. The curvature tensor given by (41) can be expressed in
terms of the difference operator
(RAB) ησ = (ϕ
[AϕB] − fABCϕC) ησ , (44)
by using the formulae
[LA,LB] = fABCLC , [LA, DB] = fABCDC .
7. We now come back to the fermionic Virasoro manifold discussed previously.
It has been shown that it is a Ka¨hler manifold. However the coordinates (φα, ξα)
and (φ−α, ξ−α), α > 0, are mixed under the transformation (17), so that they can
not be identified with the holomorphic coordinates (zα, ζα) and (zα, ζ
α
) discussed
just above. In order to get the holomorphic coordinates we further decompose the
group element (13) as
g = exp(i
∑
a,α 6=0
φαLaδ
a
α)
= exp(i
∑
a>0
zαLaδ
a
α) exp(i
∑
a>0
wαL−aδ
a
α) exp(uL0).
(45)
The product of the last two exponentials is an element of the subgroup generated
by La, a ≤ 0. By requiring the two expressions of g to match, w
α and u are found
as functions of zα and zα. They are calculated as power series
wα = zα + · · · ,
u =
∑
α>0
α|zα|2 + · · · .
We multiply eq. (45) by a group element as has been done in eq. (17). Then zα
transforms holomorphically:
zα −→ Φ′α(z) = zα +
∑
a
ǫaR′ αa (z) +O((ǫ
A)2).
The transformation law of zα is obtained by taking complex conjugation of it.
(For details we would like to refer to ref. 8.) Correspondingly to zα and zα, α > 0
we introduce fermionic coordinates ζα and ζ
α
with the transformation law
ζα −→ ζβ
∂
∂zβ
Φ′α(z).
12
The supercoordinates zµ = (zα, ζα) and zµ = (zα, ζ
α
) can be taken as the holo-
morphic coordinates of the fermionic Virasoro manifold.
In these new coordinates the Killing vectors (24) become holomorphic, i.e.,
R µa = (R
′ α
a (z), ζ
β ∂
∂zβ
R′ αa (z)), (46)
and their complex conjugates
(R µa (z))
∗ ≡ R
µ
−a (z). (47)
The Lie algebra (37) reads
R µa ∂µR
ν
b −R
µ
b ∂µR
ν
a = −i(a − b)R
ν
a+b .
The explicit form of (46) may be found in a power series of zα and zα:
R′ αa = δ
α
a +
i
2
(2a− α)zα−a + · · · , (a > 0),
R′ α0 = −iαz
α + · · · ,
R′ α−a = −i(2a+ α)z
α+a + · · · , (a > 0),
(48)
where no sum is taken over a and zα = 0 for α ≤ 0.[8]
For the fermionic Virasoro manifold the curvature tensor (44) reads
(R−ab)
σ
ρ = (ϕ−aϕb − ϕbϕ−a − i(a+ b)ϕ−a+b)
σ
ρ ,
(a, b, σ, ρ > 0).
(49)
We shall evaluate it at the origin, zα = ζα = 0. This is sufficient to calculate the
Ricci tensor (1) for the fermionic Virasoro manifold, since it can be determined
everywhere by the isometry of the manifold. (Hereafter all the calculations will
be valid in the neighbourhood of the origin.) The difference operator ϕ−a, a > 0,
can be evaluated by means of (42) with (48) :
(ϕ−a)
ν
µ =

 (ϕ
z
z )
β
α (ϕ
ζ
z )
β
α
(ϕ zζ )
β
α (ϕ
ζ
ζ )
β
α


=

 iδ
a+β
α (2a+ β) 0
0 iδ a+βα (2a+ β)

 , (50)
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while the difference operator ϕa, a > 0, can be computed by using eqs (43), (47)
and the above result:
(ϕa)
ν
µ =

 if(β − a)δ
β−a
α
1
f(β) (a+ β) 0
0 −if(β − a)δ β−aα
1
f(β)(a+ β)

 . (51)
Here we have known the metric γµν at the origin as
γµν =

 0 f(α)δαβ
f(α)δαβ 0


from eq. (25) with eqs (20) and (21). These difference operators are identical with
those obtained for the bosonic Virasoro manifold except for the doubling due to
the fermionic coordinates. Therefore the Ricci tensor corresponding to eq. (1) can
be calculated closely following ref. 8. Namely with eqs (50) and (51) we calculate
the r.h.s. of eq. (49). Owing to eqs (41), (46) and (48) the result is identified with
the curvature tensor R σβαρ where α and β are bosonic indices. Then we take the
trace over ρ and σ. Remarkably the infinite sum converges:
∑
bosonic σ
R σβασ =
∑
fermionic σ
R σβασ
=
26
12
(α3 −
1
13
α)δα+β,0,
as has been shown in ref. 8. Note that it does not depend on the function f(α)
at all. Consequently we obtain the Ricci tensor
Rαβ = −Rβα = −
∑
all σ
(−)σR σβασ = 0
with bosonic indices β and α.
8. In this note we have given an explicit construction of the anti-bracket of
the BV formalism. The base space of the BV formalism is the fermionic Virasoro
manifold. The Ricci tensor, whose form curiously coincided with the central charge
of the Virasoro algebra in the bosonic Diff(S1)/S1 , turned out to be vanishing in
the fermionic one. We have studied the master equation of the BV formalism and
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found an infinite number of Virasoro invariant solutions, eq. (33). The physical
meaning of these solutions is that they could be physical states of the topological
σ-model[11] on the (bosonic) Diff(S1)/S1 [12].
Finally we would like to remark that the anti-bracket having the Kac-Moody
symmetry can be similarly constructed along the arguments in this note. Non-
linear realization of the Kac-Moody algebra is necessary to do this. It has been
done in ref. 13.
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